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The historical data on the consumption of spares are usually available in the form that the renewal function 
of the item could not easily be obtained by the process described by Cox1. In this paper, b technique is discussed 
as to how such data be used for the renewal functions through Bayesian approach. A Beta a Priori 
density for the parameter of Poisson demand is assumed and the Predictive demand distribution for such items is 
obtained. The renewal function in its analytical and asymptotic forms are also obtamed. 
I 
The renewal function H(t )  as defined by Cox1 is obtained from the fundamental relationship between 
the number of renewals Nt in fixed time (0, t ) and the cumulative distribution K, (t) of the r t h  renewal 
time of an item. 
The limitation to this procedure is wellknown that whenever the integral transform of the failure time 
distribution of the item, is a rational function of the dummy variable of the transformation; the integral 
transform of the probability generating function (p.g.f.) of Nt can then be expanded in partial functions and 
hence inverted interms of elementary functions as indicated by Cox1. The analytical form of the distribu- 
tion for N~ is thus not easily found and the renewal function in its asymptotic form is generally 
obtained 
On the otherhand, however, the consumption data and activity are usually available in the form as the 
number of demands for spare parts over some fixed period of operattonal time. For example, the data on 
consumption of aircraft spare parts are usually related to the aircraft months and that of vehicle to the 
vehicle months. Such historical data on consumption of spares, makes all the more difficult to obtain the 
renewal function on the lines as given by Cox1. Under such condition, firstly the past consumption data 
and activity are analysed and a suitable demand pattern is formulated. For example, Youngs et a12 on 
examination of consumption of aircraft spare parts, observed that the demand for such items is characteris- 
tically low and the ability to predict in which of many weeks of operation, a particular item would be &man. 
ded is quite limited. Therefore, it has been suggested there that the Poisson distribution could,be used to 
account for the variability in demand. However, for low demand rates, the estlmate of true mean demand 
could not accurately be made from the observed data. Therefore, the a,pproach outlined by Youngs et is 
that the demand for a given item follows the Polsson dlstrlbutlon, but that Its Poisson Parameter 
value (mean demand) is unknown. Thus, an observed demand then becomes an outcome of the 
followings : 
(a) First a sampling among the distribution of the Poisson Parameters and 
(b) Second a sampling from the Poisson distribution with that parameter. 
A so-called a Priori density of the Poisson Parameter is then Postulated on the basis that a large fraction 
of item observed to be concentrated at very low mean demand values for alrcraft spare parts. Youngs et 
therefore, assumed a Gamma Prior for the Polssonparam.eter and obtalned the conditional probabilit; 
distribution that the demand for an item will be Y In a stipulated future period given that the same item 
has had X demands in a given past period. 
Since, the mean demand values for aircraft spare parts are very low, in this present paper, instead of 
Gamma, a Beta-Prior density for the Poisson Parameter has been assumed. The successive past demands 
107 
probability density for the F 
approach. The renewal functic : the predictive I 
tem has then been obtained. 
'- ' - P R O C H  
mean demand value in the Poisson demand 
e and partly by the data and. evidence which one 
ability as a Prior density, then the Bayes theoremS 
wn as Posterior density for the uncertainty based 
modifies, one's own experience in a logicalway 
and helps in reducing the uncertainty. Keeping this logic in view, the Bayesian approach has been used to 
formulate the renewal function for the interval (r, r f l ) ,  i.e. the expected predictive demand in the (rf 1)th 
time period given that the demands for the same ite r successive time periods each of equal length have 
been observed in the past. 
(ere V I ,  ve > 0 and B 
I the Appendix. 
Now, combining with the assumption (b), one oh 
an item drawn from the population of items characterized by f (X) will be X in any, fixed period 
it length (Such as aircraft months, Vehicle months) of experience, as follows :- ' . 
1, . . . . . . . . 
U, ~ r o m  (1) for f (A), one gets 
. ; , ; -1) is the confluent hypergeometric function'. 
It is further assumed that the demands for a particular item in the successive periods of operation a 
independent and identically distributed and that the mean demand for the item remains the same in 
periods. Now, if the demands X I ,  x2,. . . . . . . . . . . . , x, for a particalar spare part are observed in r successi 
periods each of unit length, the revised value for f (A) is then obtained by the BayeS theorem6 as t 
posterior density for X as 
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" 
e-PA . Asr . f ( A )  f* (A/X = xl,x2,. . . ., 2,) = 
. " r  . f ( A )  dA ' = 2 xi 
a i= 1 
- 
e r T h  . Jr VI - 1 . (1 - A)va-1 
B(s ,  -t vl, v 2 ) l ~ l ( ~ T + v ~ ; ~ r + v l + v 2 ; - ~ i  (3) 
Thus, the predictive demand distribution of an item in the period (r, r+l) i.e. for the (rf 1)" class of 
unit operational period, given that the demands XI, x2,. . . . . . . . . . , x, units, for the same item have been 
observed in the past ip r successive experience periods each of unit length, is given as 
\ 
T H E  R E N E W A L  F , U N C T I O N  
From equation (4), the p.g.f. of the Predictive demand distribution is obtained as 
where 
= a .  (a  + 1 )  ... . . . (a  + b - 1) .  
Using multiplication theorem of IF (. ; . ;), the p.f.g. reduces t o  
Now, on differ~tiation of (5) w.r.t.z. and letting Z+1, one finds the renewal function for the period 
(I; r-l-1) as 
H,, r+l (t F m i b  period of operation) 
DEF. SCI. J., VOL. 29, JULY 1979 
A  S Y M P T O T I C  V A L U E  O F  T H E  R E N E W A L  F U N C T I O N  
I \ 
Let X be the true mean demand of the Poisson demand Process of an item. Then for large number of 
successive intervals of operation r, one gets by using the weak Law of large number6 that 
A 
Lim ($) e h with the probability one. 
r f c o  
Where S, is the total demand for particular item in r successive periods. Now, for large r, the asymp- 
totic value of equation (6) is obtained by using4 that 
( I + O  [ l r l - l ]  (a; b; - r )  E rwa - . ) 
gives 
I \ 
and this is the p.g.f. of the Poisson demand distribution with the parametey X . 
This proves that as the number of periods of experience increases, the renewal function for an item per 
unit of operation, becomes close to the true mean demand of the Poisson demand distribution. - . 
E X A M P L E  
Let the data on the consumption of aircraft spare parts are available for six periods each of T aircraft 
months and vl = 0 . 5  and vz = 0 ' 2  (say) be obtained for airframe parts on the lines as given 
in appendix. It is now desired to find the renewal function of such item for the 7th period of operation 
when the consumption data for the same item is observed to be zero during the past six periods of experience. 
Now, from equation (6), one gets; 
5 , F 1 ( 1 . 5 ;  1 . 7 ; - 6 )  - HB,,  (T=Unit period of Operation) = T l F 1 ( 0 ' 5  ;0.7; - 6 )  
Using the recurrence formula4 for lFl (. ; . ; + 6), the above equation reduces to 
He,, (T=Unit period of Operation) = 0' 11 
Likewise, if the past consumption is one over the six periods of operation, the renewal function for 
such item for the 7th period i s  given as 
' 
H6,, (T=Unit period of Operation) = 0' 36 
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C O N C L U S I O N  
In the military depot, it is the usual practice to stock-the spare parts of a system for a fixed operational 
period; say, the period may be TI aircraft months and Tz vehicle months for the spare parts of aircraft and 
vehicle respectively. In such cases, the present method will provide the necessary renewal function of an 
item of the system for its proper operation of fixed duration. 
The value = 0.11 as shown in the example, indicates that even though there was no 
(11 7 
demand for the item during the past six successive operational periods, still there exists a chance of its 
being demanded in the next future period of planned operation. The value H6,7(T) = 0'36 for the 
item shows its expected demand for the 7th period of operation of the system, given that the item has had 
one demand in the past six operational periods each of equal length. 
Finally, the Beta a Priori density for the parameter of the poisson demand distribution is suitable for 
those spares where the mean demand for a fixed operational period is very small and less than unity. 
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E S T I M A T I O N  OF v , e n d v ,  
Appendix 
The equation (2) gives the demand distribution of any item of the population of items whose mean 
demand is governed by f(A). Therefore, the items are first classified qccording to the sub-system; viz. 
airframe parts in case of aircraft, mechanical component of the vehicular engine etc. 
Now let N(x) be the actual number of items of the population with the observed demand x within a 
period of length equal to that for which the renewal function is obtained, and let N = 3 N ( x )  
2=0 
be the total number of items. Therefore, the relative frequency of demand with which the demand is actually 
observed will relate to P(x) given by equation (2). 
Let i 




are the first two factorial moments of P(x). The p.g.f. of the demand distribution P(x) is given as 
(ii) 
x=O 
The solutions of ( i )  & (ii) give the estimates of VI and vz through G' (2) & G" (2) at Z -+ 1 as 
